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Nonlinear Dynamic Analysis of Shells of Revolution
by Matrix Displacement Method

J. A. StricKLIN,* J. E. MarTINEZ, T J. R. TLersoN,{ J. H. Hong,§ and W. E. HatsLErY
Texas A&M University, College Station, Texas

A formulation and computer program is developed for the geometrically nonlinear dynamic
analysis of shells of revolution under symmetric and asymmetric loads. The nonlinear strain
energy expression is evaluated using linear functions for all displacements. Five different
procedures are examined for solving the equations of equilibrium, with Houbolt’s method
proving to be the most suitable. Solutions are presented for the symmetrical and asymmetri-
cal buckling of shallow caps under step pressure loadings and a wide variety of other problems

including some highly nonlinear ones.

Nomenclature

row matrix

square matrix

column matrix

matrix transpose

Eit/(1 — vgrgs)

Egt/(1 — Vsg¥ps)

Eq3/{12(1 — Veg¥gs)]

Egt?/[12(1 — »egrgs)]

Young’s modulus

linear strains and rotations

pressure loading on shell

shear modulus

Gt

Gt:/12

stiffness matrix

meridional length of shell element

mass matrix

generalized forces

nodal displacements

cylindrical coordinate

meridional distance along shell element

shell thickness and time

kinetic energy

internal energy

displacements in meridional, circumferential and nor-
mal directions, respectively

time increment

midsurface strains

circumferential angle

Poisson’s ratio

slope of undeformed shell

de/ds -

changes in curvature
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Superscripts and Subscripts

element

linear and at s = L

nonlinear

middle of element and degree of freedom of element
harmonic number

initial value and at s = 0

meridional direction

circumferential direction
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Introduction

HE geometrically nonlinear static analysis of structures

has made considerable progress since the original finite
element paper by Turner, Dill, Martin, and Melosh.t In Ref.
1, it was proposed that the nonlinear problem be analyzed as a
sequence of linear problems using a geometric stiffness matrix.
This approach has been used by many investigators in more
recent years and has been refined to a very high degree. In
fact, it is safe to say that the geometric stiffness method ap-
proach is the most widely used method for the geometrically
nonlinear analysis of structures by the matrix displacement
method with the Newton-Raphson method of solution being a
distant second. Rather exhaustive survey articles on the
nonlinear analysis of structures by matrix methods have been
presented by Martin? and Oden.?

For a shell of revolution under asymmetrical loading, the
incremental stiffness method is difficult to apply due to the
coupling that the nonlinear terms introduce among the various
Fourier harmonics. This gives rise to a large number of equa-
tions which must be solved after new coefficients are generated
at each load increment. For example, twenty harmonies and
fifty elements would give rise to 4080 equations of equilib-
rium.

The difficulty of repeated solutions of a large number of
equations has been circumvented by Stricklin, Haisler, Mac-
Dougall, and Stebbins* who place the nonlinear terms on the
right-hand side of the equations of equilibrium and treat
them as additional loads. The method of solution is by
iteration and has been found to yield accurate results for a
large majority of practical problems. For highly nonlinear
problems, the equations as formulated in Ref. 4 are currently
being solved by the Newton-Raphson procedure, with the
coupling between harmonics being ignored when the nonlinear
terms are treated as pseudo loads and taken to the right-hand
side of the equations. The present paper presents an exten-
sion of the work presented in Ref. 4 to the nonlinear dynamie
analysis of shells of revolution under both symmetric and
asymmetric loadings. It will be demonstrated that the ap-
proach presented herein is valid for highly nonlinear problems.
It is assumed in the present work that the material is elastic
and nonlinearities are due to moderate rotations.
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Computer programs for the large deflection elastic-plastic
analysis of beams, rings, and plates have been developed by
Witmer, Balmer, Leech, and Pian® and Krieg and Duffey.
In Refs. 5 and 6, the governing equations of motion are
written in finite-difference form in both space and time. The
solution is straight forward in that the equations are solved
sequentially with no coupling existing between equations.
Correlation studies have been conducted by Duffey and Key,”
Krieg, Duffey, and Key,? and Balmer and Witmer.* The cor-
relation studies have demonstrated that the computer pro-
grams as described in Refs. 5 and 6 may be used to compute
the large deflection dynamic response of highly nonlinear
elastic-plastic simple structures.

Leech, Witmer, and Pian' and Wrenn, Sobel, and Silsby!
have presented formulations and computer programs for the
nonlinear analysis of general thin shells. The equations
governing the response of a shell under arbitrary impulsive
loading are developed in tensor form and represented by
finite differences in space and time. Solutions are presented
for a cylindrical panel® and a cylinder.!! In addition to
finite differences in time, the Adams-Moulton and fourth-
order Runge-Kutta methods were used in Ref. 11. An in-
teresting conclusion drawn in Ref. 11 is that the size of the
time increment needed for numerical stability in the finite
difference method of solution is smaller than the time incre-
ment needed to prevent excessive truncation error.

Stability studies on the different methods used to approxi-
mate the second derivatives in time have recently been con-
ducted by Leech, Hsu, and Mack,'? Johnson,'® Krieg,* and
Nickell.¥® However, with the exception of Ref. 14, the studies
have been limited to the linear equations of motion and are
not applicable to the nonlinear analysis. In particular, the
unconditional stability exhibited by Houbolt’s'® and New-
mark’s® (y = %, 8 = 1) methods for the linear case does not
exist in the nonlinear formulation presented in this paper.

It is apparent from the cited references that considerable
progress has been made in analyzing the elastic-plastic non-
linear dynamic behavior of shells using finite differences in
the spatial coordinates. However, little progress has been
made in the analysis of the nonlinear dynamie behavior of
shells through the finite element approach. Further, there
does not seem to exist any computer program which is capable
of analyzing the nonlinear asymmetrical dynamic behavior of
shells of revolution in a reasonable period of computer time.
The purpose of the present paper is to present such a pro-
gram and demonstrate through examples its range of appli-
cability.

The research presented here uses the curved element of
Stricklin, Navaratna, and Pian® and the displacement func-
tion of Grafton and Strome.” The nonlinear shell theory of
Novozhilov®® is assumed to be applicable with the further
agsumption of small strains and moderate rotations being
made. Reference 4 presents a more complete review of the
pertinent literature and a detailed description of the theoret-
ical formulation. - However, missing from Ref. 4 are the dis-
cussions of the works on the linear dynamic anaysis of shells
of revolution by Klein and Sylvester'®and Popov and Chow.**
Klein and Sylvester use the method of Chan, Cox, and Ben-
field® to solve the equations of equilibrium whereas Popov
and Chow use the modal analysis. The results obtained by
both methods which are presented in Ref. 19 are in good
agreement for a spherical cap under a step pressure loading.
This same problem is analyzed herein and the results are
presented in a later section.

In the earlier stages of the research presented herein,; the
method of Ref. 20 was used for solutions. In fact, a Tech-
nical Note?! has been published on the axisymmetric dynamic
buckling of shallow caps under step pressure loading in which
the method of Ref. 20 was used to solve the equations of
equilibrium. However, more recent studies have shown that

** Presented as Addendum in Ref. 19.
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Houbolt’s method?? is more stable and thereby more efficient
than the method of Ref. 20 for solving highly nonlinear prob-
lems. Consequently, most of the results presented in this re-
port are based on Houbolt’s method of solution.

Formulation

The matrix displacement method is an energy formulation
and, consequently, the equations of equilibrium for the non-
linear dynamic response are obtained from Lagrange’s equa-
tion:

d/dt(dT/d¢) + dU/0gqi» = Qi» (1

where ¢, = generalized degree of freedom ¢ in harmonic n.
In the present formulation the internal energy is separated
into two parts:

U="Ur+ Un 2)

where Uy, = strain energy based on linear strain displacement
relations; Uxw = strain energy contribution due to the inclu-
sion of nonlinearities in strain displacement relations.

Substituting Eq. (2) into Eq. (1) and taking the nonlinear
strain energy expression to the right-hand side, the equations
of equilibrium become

M1{g + K)o} = {@ ) — {oUni/ogr}  (3)

It should be noted that Eq. (3) is valid for any harmonic n
with the coupling between harmonics appearing in the last
term on the right-hand side. The remainder of this section
presents a discussion of the various terms in Eq. (3).

Strain Energy

The strain energy expression valid for orthotropic shells is
given by?®

U = 3ff(Cie* + Caeg® + 2v4Ciece6 + Gren® +
Dixs® + Dyxo* + 2veDixsxe + Gexso?)rdsdd (4)

Restricting the equation given by Novozhilov'® to shells of
revolution and assuming only moderate rotations, the strains
and curvatures are given by

€= 6+ S b € = & + § é? (5a)
€0 = G + buabn X = —O&/0s (5b)
xo = —(1/7)(0éx/00) — (1/r) singéys
X0 = —(1/7)(0815/00) + (sing/r)é; — 0éy/0s  (6)

where
é, = (Qu/os) — ¢'w (7a)
¢ = (1/r)[(0v/06) + u sing + w cos¢] (7b)
80 = (1/r)(du/08) — (v/r) sing + dv/0s (Te)
b3 = (Qw/0s) + ug’ (7d)
b = (1/r)(Qw/08) — (v cos$)/r (7e)

Substituting Eq. (5) into Eq. (4) allows the strain energy
expression to be separated into two parts given by Eq. (2).
U, is the usual expression for the internal energy based on
linear theory and is obtained by replacing the ¢’s in Eq. (4) by
the corresponding &'s. The internal energy due to non-
linearities in the strain displacement relation is given by

Uni = %ff[01ésé132 + Calgbos? - vepCr(s6s® +
bgé1s?) + 2Gh8.pb136n]) rdsdf 4+
LIS15C et + 2Cobn® + (GraCi + Gh)é?én?] rdsdd  (8)
It is noted that the fourth-order terms in the &'s have been

included in Eq. (8) as recent results?! have shown them ab-
solutely essential for accurate results.
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Displacement Funectiontf

The basic criteria which the displacement functions should
satisfy?! is that if the internal energy is a function of the jth
derivative of the displacements then continuity of the
(7 — 1)th derivative should be satisfied between elements.
The strain energy expression based on linear theory depends
on the second derivative of w, but the strain energy expression
due to nonlinearities depends on the first derivative only.
Thus, it is permissible to use different displacement functions
for w in the evaluation of Uz and Uyi. The assumed dis-
placement functions which satisfy the necessary conditions
are: a) in Uy,;

' 3s2 28t )
w = i§=0: l:(l ~ s + E;) @ +
‘ 25?2 8 o, 382 28
<s_f +172) @~ 0" + <L2 - L3>

3

g2 $ f s .
~Z+I7’ (g8 —(15451,):' costf (9)

gt +

b) in UNL;

w = ;::0 [(1 - %) @+ § %):I costf (10)

and ¢) in Uy and Uxry;
S X .8 .
U = i; [(1 - i) @+ @ Z:Icosw (11a)

i 8 ) S8 ..
v = 120 [(1 — I:) @'+ e E]smz() (11b)

where
G1 = qu cosgg + g3 singy (12a)
3s = —@q 8ingg + g5 cosgy (12b)
Gs = qs cosgy, + ¢1 singy, (12¢)
@1 = —¢s singy, + ¢r cosr (12d)

The ¢'s simply represent the displacements in shell coordi-
nates. It is noted that symmetry about 8 = 0 is assumed in
the displacement function in » and w. Cubic displacement
functions in u and v as presented in Ref. 25 are employed in
the present version of the computer code to better approxi-
mate rigid-body motion.

In the computer code, a maximum of five harmonies may
be chosen in the expansion. These five harmonics may be
selected arbitrarily from the first twenty harmonics provided
harmonic zero is included.

Fig. 1 Gener~

alized coordi-
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Tt Conical frustrum elements are used for the nonlinear terms
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Pseudo Nonlinear Forees

The pseudo generalized forces for an element are obtained
by taking the partial derivative of the strain energy expres-
sion due to nonlinearities [Eq. (8)] with respect to the
generalized coordinates of the element (Fig. 1). This yields

oU 1 R R 08,
aq:j = é ff!(Clelsz + v5C1és?) bqi"‘ +

JRY . . 04
(C2é232 + v,6C1813%) 37,,% 4 2G181385 ogm +
. s 4 s .. .\ Obi
(2C18,613 + 20460185813 + 2G18.9603) % +

Ry
(2C18080; + 2v,6C 18,85 + 2G16.013) a‘qeii} rdsdf +

1 oé
5 ff{[01é133 + (VsGCI -+ 2G1) é13é232] aqe:; +

[Cobrs® + (v6Cy + 2G1) 815260 aa;”n } rdéds (13)
For an efficient computer code, Eq. (13) must be evaluated
without the use of auxiliary storage in the computer and for
this reason, linear functions (in 8) for the displacements u,
v, and w, are used. Another assumption made in the evalua-
tion of Eq. (13) is that the integrals over the meridional
length of the element may be evaluated through strip inte-
gration. The integrals in the circumferential direction are
evaluated in closed form for the particular harmonics chosen.
Bubstituting Eqs. (10) and (11) into Eq. (7) and evaluating
the results at the center of the element, the strains and rota-
tions become

]

é, = Z et costf &g

i=0

Z eg* costl (14a)
i=0

8y = Z €' sintd &y = E e3¢ costl (14b)
= i=0

i=0
b = 2 exs' sinif (14c)
i=0
where
= BT (150)
. 1 '.Q2‘+ 96"
o= Tm <z 2
i’ + G

sin@m + @+ ; o cos¢,,,> (15b)
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®.=w.(jsi‘%‘(ﬁ’._92'-"‘916'~ . g6 — ¢qo*
€ g 2. singn, + = (15¢)
i ' — ¢s° @t + gt o,
€13 §L_ + 9 ¢ m (15d)

o A+ g2 + q¢*
€' = , l: 1 ( 2 ) 2 COSPm (15e)

m

Substituting Eqgs. (14) into Eq. (13) and using strip in-
tegration over the length, Eq. (13) becomes

oU - L -
Nt Tmd Z Z {(Cl""elaielxj + v C1%"eas'ess’) X
o™ 2 {200

de.r
O™

e . Ogg”
+ (CoPexiess’ + vopCiiimersiers?) O™ +
m

TR i 4 aesﬂn NI
2G\ 7 er'en’ b*q—" + (2Crnesesi + 2v0Chimep'ers’ +

m

e -
aq“"n + (207 epiensi + 2v,0C19%e 057 +

. O™ mli o
2G, 77 ge1s7) 6;3231‘} + r—z— DI MDD {[C'l”""els’exs’elsk +

t=0j7=0 k=0

2G17"es5°en)

Oey” siBi. o s
g + [Co*igyienient +

m

(sCi 7%+ 2G4 7%7) ergiessienst]

Oens

where r,, = value of r at middle of element; L = length of
element. The superscripts over the material constants, Ci,
C,, G, indicate that the material constant is multiplied by the
integral of the trigonometric function. For example,

(Vsoclijkﬂ + 2G1ijkﬁ) 613i€13i€23"]

27
Ciiikn = Clj; costf cosjf coskf cosnfdb a7

A bar over ¢, j, k, or n indicates that cos@ is replaced by siné in
the integral.

For known values of the displacements, Eq. (16) is evalu-
ated for each and every element of the structure. The result
is a set of forces for the element which are combined in the
usual way to obtain the generalized forces for the shell.

Mass Matrix

The mass matrix for the shell is evaluated from the kinetic
energy expression and includes the effect of rotary inertia.

Methods of Solution

The numerical methods of solution which have been used to
calculate the nodal displacements of the shells under study are
discussed in this section. Three independent methods have
been utilized with one of the methods being varied to provide a
total of five different numerical solution schemes. The for-
mulation of these methods for use in solving the shell equa-
tions is presented in Ref. 26, and the results obtained using
each method are discussed. Additional methods of solution
are also presented in this reference.

The equations of motion, Eq. (3) can be reduced to a sys-
tem of equations of the form

(M1{g} + [Kllg} = {F(0)} (18)

The load matrix, {F({,q)}, is equivalent to the right-hand side
of Eq. (8). The numerical schemes discussed are formulated
to satisfy these governing differential equations of motion.

Houbolt’s Method

The finite difference method of solution developed by Hou-
bolt?? for use in dynamic structural response studies of air-

ATAA JOURNAL

craft can be adapted for use in determining the dynamic non-
linear response of shells of revolution. The accelerations in
Eq. (18) are replaced by a finite difference approximation of
the second derivative. This substitution allows development
of recurrence relations which can be used for the step-by-step
calculation of the displacements of the shell.

Levy and Kroll” and Johnson and Greif? have used Hou-
bolt’s procedure to solve dynamical problems. These re-
searchers conclude that this procedure will yield good results
if the time increment is less than 5% of the period of the high-
est frequency mode.

The accelerations of the nodes of the shell are approxi-
mated by the third-order backwards difference expression,

{Qnﬂ} = 1/(At)2{2Qn+1 - 5qn + 49"—1 - q"—2} (19)

The accuracy of this representation is of the order (Af)2.
Substituting Eq. (19) into Eq. (18) and simplifying yields

{2[M] 4 (A [K1}Hgnn} = (A F(t,)nir} +
[M1{5¢, — 4Gu— + gus} (20)

This equation is valid for all time increments but must be
modified for the first step. The starting procedure is the
same one recommended by Houbolt.??

Approximation of Loads Matrix

Both the method of Houbolt and the Chan, Cox, and Ben-
field method?®?® require that the loads at the end of the
(n 4 1)th time increment be known in order to calculate the
displacements at the end of that increment. These loads,
because of the presence of the nonlinear terms, are a function
of the displacements which are to be calculated. It is there-
fore not possible to evaluate these terms exactly.

Consequently, the right-hand side of Eqg. (18) was evalu-
ated using a first-order Taylor’s series expanded about the
nth time increment:

{Ft,Qnn} = {Ft,0)a} + 0/0t{F(t,9)al AL @n

Approximating the partial derivative by a first-order back-
wards difference expression gives

{F @)} =~ 2{F )} — {Ft,0)n} 22)

This expression has an inherent error of order (Af)? which is
the same as the order of error inherent in both the Houbolt
and the Chan, Cox, and Benfield? solutions. It corresponds
to a linear extrapolation of the loads at the two previous time
increments.

Runge-Kutta Evaluation

A shallow spherical cap with clamped edges was analyzed
using the Runge-Kutta? method of solution. The cap was
subjected to an instantaneously applied (at time = 0) internal
pressure. Only the zero harmonic response was determined.

Linear solutions of the problem were numerically unstable
for time increments of 2.0 X 107%, and 0.5 X 10~%sec. This
instability consistently occurred after only a few time steps
had been taken. The time increment was further reduced to
the very small value of 0.5 X 1078 see, and the solution ob-
tained did not exhibit any numerical instability. Utilizing
this extremely small time increment would require prohibitive
amounts of computer time to determine the response of a
shell.

Chan, Cox, and Benfield Solution (3 = { and 8 = 0)

For a variety of problems, attempts were made to calculate
the response curves using both 8 = Oand 8 = . A numeri-
cally stable solution was never obtained using time steps as
small as 0.1 X 107 sec. The results obtained using the
Runge-Kutta solution suggest that by reducing the time step
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even further, a stable solution could possibly have been ob-
tained. These small time increments were not used since the
amount of computer time required to obtain a solution to a
problem would render the method impractical.

Houbolt Method vs Chan, Cox, and Benfield
Routine with g = 1

To determine the most advantageous numerical method of -

solution for use in the computer code, a comparison was made
of the responses obtained using the method of Chan, Cox,
and Benfield® (8 = 4) and Houbolt’s method. The shell
selected to serve as a test problem for the two numeriecal
methods is shown in Fig. 2. This cap-torus-cylinder con-
figuration was subjected to a 50-psi internal pressure, The
shell was idealized using 50 elements distributed so that a
large number of elements was concentrated in the vicinity
of the cap-torus intersection and near the torus-cylinder inter-
section. With this element distribution, the size of the ele-
ments varies extensively. The widely varying element size
coupled with the irregular shape of the shell provide a real
and critical test of the numerical methods.

Using the zero harmonic, the displacements and stresses
were calculated utilizing both numerical methods with
single-precision numerical accuracy. By considering the re-
sults presented in Fig. 2, it can be concluded that the stresses
calculated using both numerical methods are in good agree-
ment. Thus, the choice of the most advantageous method of
solution can be made based upon economic considerations.
The largest time increment which can be used for this proh-
lem by the Chan, Cox, and Benfield method® is 1 X 10-¢
sec. Houbolt’s method of solution is, however, stable for a
time increment of 3 X 107® sec. Obviously, a substantial
saving of computer time can be realized by using the numeri-
cal method of solution which utilizes the larger time step.
In addition, the amount of computation time required per
step is less for the Houbolt scheme than for the Chan, Cox,
and Benfield routine. The saving in computer time becomes
more pronounced as the degree of nonlinearity is increased.

Test Problem for Houbolt Solution Scheme

The problem selected to serve as a critical test of the Hou-
bolt method of solution is the shallow spherical cap (A = 6)
with clamped edges depicted in Fig. 3. The geometric and
material properties presented at the top of this figure are used
throughout the analysis. The cap is excited by an instanta-
neously applied load which is concentrated at the apex of the
shell.

This particular problem was selected for two reasons.
First, the problem is highly nonlinear. Using a 40-lb load,
the displacements predicted by a nonlinear analysis are more
than four times larger than the displacements predicted by a
linear analysis. Second, the singularity which exists at the
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Fig. 3 Solution convergence with finite element idealiza-
tion.
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Fig. 4 Shallow spherical cap under axisymmetric dy-
namic loading.

apex of this shell gives rise to extremely large terms in the
structural stiffness matrix. The corresponding terms in the
mass matrix are rather small. The net effect of a large stiff-
ness to mass ratio is to give a speed of sound in the element
which is very large. Since some of the stability criteria de-
veloped in the finite difference approach (Refs. 11, 14, and
28) are based upon the time required for a signal to travel
from one mesh point to another, applying these criteria to
this problem results in the prediction of an extremely small
time increment. The same effect is produced by using very
small elements.

The following observations were made using this test prob-
lem and Houbolt’s method.

1) Single-vs double-precision: it was found that double-
precision is needed on the IBM 360/65 for highly nonlinear
problems.

2) Load extrapolation procedure: first and second-order
approximations were used to estimate the loads at time in-
crement n + 1. It was found that the linear extrapolation
procedure is more stable and yields results as good as those
obtained with a second-order extrapolation.

3) Effect of time increment: for a 40-1b load at the apex,
the problem was run with time inerements of 0.25 X 10-¢,
0.125 X 1078 and 0.04 X 107® sec. The results for the dis-
placements were the same in all three cases. The solution
showed a numerical instability for a time increment of 0.5 X
1075 sec.

4) Convergence with improved finite element idealization:
the test problem was run using 15, 30, and 50 finite elements
and the results for the displacement at the apex vs time are
shown in Fig. 3. It is noted that the 30, and 50 element cases
yield the same results.

Applications

The purpose of this section is 1) to present a comparison of
current findings with other theoretical and experimental re-
sults; and 2) to present solutions to problems that will
demonstrate the capabilities of the computer code.

The first example, as shown in Fig. 4, employs the shallow
shell and the axisymmetric loading described by Klein and
Sylvester.?® The results have been verified by Popov using the
normal mode superposition technique.

Klein and Sylvester present a linear analysis based on
conical frustum elements and the numerical integration
scheme described in Ref. 20. The formulation also makes use
of a mass matrix based on energy principles but does not in-
clude the effects of rotary inertia. These effects are not sig-
nificant for the problem under consideration. The time step
of 1 X 10~% sec and the 30-element idealization used in Ref. 19
were used in this research.
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Fig. 5 Nondimensional Fourier coefficient of normal
displacement vs time for cylinder under asymmetrical
loading.

An investigation of Fig. 4 reveals that the agreement is
quite good and the effect of nonlinearities is not significant.
The slight discrepancies at the higher times can conceivably
be attributed to the differences in formulation and method of
solution or the fact that double-precision arithmetic is em-
ployed by Klein and Sylvester.

The second example involves the cylindrical shell described
in Ref. 28 having geometric and material properties typical
of those used in the missile industry. The structure is sub-
jected to a blast loading and requires the use of the 0, 1, and
2 Fourier harmonics. Figure 5 shows a plot of time history
of the Fourier coeflicients of normal displacement at the free
end of the cylinder. The results obtained are identical to the
ones presented in Ref. 28. Houbolt’s solution procedure with
a time inerement of 5 X 10~¢ sec was used in the solution.

The third example illustrates the versatility of the computer
code and solves the important problem of the symmetric
buckling of shallow spherical caps under a step pressure load-
ing. The problem has been investigated by other research-
ers,® =% and most results are now in good agreement.

The shell selected for the study is the one studied experi-
mentally in Ref. 34 with different values of the shallow shell
parameter being obtained by varying the thickness. The re-
sults are depicted in Fig. 6 and were obtained by using 30
elements and the numerical integration scheme presented in
Ref. 20 with 8 = %; however, a check has been made using
Houbolt’s method and the results are the same.

The problem again reveals the advantages of the Houbolt
method which required a time increment of 1 X 107* sec;
whereas the method of Chan, Cox, and Benfield required a
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time increment of 0.125 X 10~% sec. Thus, for this problem
Houbolt’s method is more than eight times as efficient as the
method of Ref. 20.

The curves shown in Fig. 6 reveal that the present results
and those presented in Refs. 32 and 33 are in good agreement.
A more detailed discussion of this problem is given in Ref. 21.

The fourth application of the program concerns the solu-
tion of a problem that has never been previously solved.
This problem is the one of asymmetrical buckling of a shallow
cap under a step pressure loading. The shell used in the
study has the same basic geometry as the one used in the
third example but has a thickness corresponding to a shallow
shell parameter A of 6.

The response of four Fourier harmonics was investigated by
both Houbolt’s method and the method of Ref. 20 and the
results were the same. In one case the 0, 1, and 2 harmonics
were used and in the second case the 0, 2, and 3. Both cases
revealed that for the case of A = 6, there is no build up in the
first or third Fourier harmonics, and it is the second harmonic
that reaches relatively large displacements. The same phe-
nomenon has previously been observed in the static case.

The loading consisted of a constant uniform step pressure
over the entire shell except for a slight increase over a circum-
ferential angle of 4°. It was necessary to do this in order to
excite the first, second and third Fourier harmonies.

Figure 7 shows how the displacements for the second har-
monic can build up to values having the same order of mag-
nitude of those of the symmetri¢ component and at some criti-
cal time the two combine to give a very large displacement
and enable us to define a buckling load.

The dynamic buckling pressure may be obtained from Fig.
7. It1is seen from this figure that buckling occurs at P/P., =
0.604 as compared with 0.64 for symmetrical buckling. How-
ever, it is observed from Fig. 7 that the second harmonic is
excited appreciably for all values of P/P., above 0.5. Thus,
the threshold value is 0.5. This threshold value has not been
shown to be a buckling load, but it is conceivable that if the
calculations were carried for a large enough period of time
buckling might occur. At most, the use of the threshold
value is slightly conservative. The possibility of asymmetri-
cal buckling is depicted in Fig. 6 as any value of P/P,. > 0.5.

The fifth example (Fig. 8) demonstrates the feasibility of
the finite element method for the analysis of wave propaga-
tion in shells of revolution. This example solves the problem
of a cylindrical bar having a length of 24 in., radius of 6 in.,
and a wall thickness of 0.1 in. The cylinder was assumed to
be fixed at one end and free at the other with the free end be-
ing subjected to a uniformly distributed axial pressure of in-
finite duration having a value of 100 psi. The solution was
performed using Houbolt’s method in double-precision arith-
metic, a time inerement of 1 X 10~ % sec, and 50 finite elements.
The element breakdown was 10 of 0.24 in. in length, 10 of
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Fig. 8 Displacement response for a cylinder subjected to
suddenly applied axial load.

0.48 in., 10 of 0.96 in., 10 of 0.48 in., and 10 of 0.24 in. in
length.

The exact solution is obtained from elementary wave me-
chanics. The speed of sound in the material is given by

Ve=[E/1 = »)p]' (23)

Substituting the material properties in Eq. (23) yields a
speed of sound of 214,749 in./sec. Thus, an expansion wave
travels down the cylinder at the prescribed speed. The theo-
retical stress behind the wave is 100 psi with zero stress exist-
ing in front of the wave. When the wave reaches the wall, it
is reflected as an expansion wave that travels back down the
cylinder. After the time required for the wave to transverse
the cylinder in both directions, the state of stress is a constant
value of 200 psi. The expansion wave is reflected from the
free end as a compressive wave which reduces the stress to
100 psi and back to zero after reflection from the fixed end.
This behavior gives displacement of a saw-tooth nature as
shown in Fig. 8 along with the finite element results. It is
noted that the agreement is excellent.

Figure 9 presents the meridional stress along the length of
the cylinder after 50 usec. After this period of time, the wave
has travelled through the two changes in length in the finite
element idealization. It is noted that the finite element and
wave theory results are in good agreement. This example
indicates that the damping in Houbolt’s procedure is quite
small.

The solution of the sixth example problem was performed
for the purpose of checking out the code for multiple har-
monics. The shell selected for this example was a spherical
cap with a radius of curvature of 60 in., a base radius of 4.28
in., and a thickness of 0.125 in. The loading was localized as
shown in Fig. 10 and was applied over a 2-in. radius circle
with the center 3° from the apex. The solution was obtained
using 28 elements and the first five Fourier harmonics. The
method of Ref. 20 with a time increment of 0.25 X 10~ sec
was used in the solution.

Figure 10 is a plot of the meridional stress resultant as a
function of time. It is noted that the dynamic solution oscil-
lates about the static results. An exact solution is not avail-
able for the problem.

Computer Programs

*- The analysis and numerical solutions described herein have
been programed in double-precision arithmetic in the FOR-
TRAN IV language and carried out on an IBM 360,/65 com-
puter. For computational efficiency, the computer code is
logically separated into two parts. The first code, called
SAMMSBOR I (Stiffness And Mass Matrices of Shells Of
Revolution), accepts a description of the structure, generates
stiffness and mass matrices, and writes them on tape for in-
put to the second code, DYNASOR II (Dynamic Nonlinear
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Fig.9 Axial stress distribution along cylinder at 50.0 u-sec.

Analysis of Shells Of Revolution). DYNASOR II generates
generalized forces from a mechanical and thermal load his-
tory, reads the stiffness and mass matrices from tape, and
then solves the initial value problem based upon given initial
displacements and velocities.

The mechanical load history is described by specifying the
pressure distribution over the element at discrete time inter-
vals with a linear variation being assumed between the
specified times. For a particular element, the pressure dis-
tribution is assumed to be constant in the meridional direc-
tion and to vary as a step function in the circumferential di-
rection. In addition, the coding is capable of accepting con-
centrated ring loadings at each node and thermal loadings for
each element.

The computer code has a restart provision permitting the
program to be restarted at a particular time increment once
the program has been run up to that time increment. The
program allows restart information to be placed on tape
periodically during the execution of DYNASOR II. If sub-
sequent analysis of the output indicates that a smaller time
increment is needed, the program can be automatically
cycled to any time increment for which restart information is
stored on tape and then the analysis restarted with a smaller
time increment. This restart feature can save a considerable
amount of time, particularly in buckling analyses.

The program output consists of all input control words, in-
put loads and temperatures, generalized forces, stiffness and
mass matrices, and the resultant displacements, stresses, and
stress resultants. The displacements, stresses, and stress re-
sultants are printed at all or any of the time increments
specified and for as many circumferential angles as desired.

The program, as written for the IBM 360/65 computer,
allows a solution using up to fifty elements and five Fourier
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Fig. 10 Meridional stress resultant for spherical cap under
localized loading.
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harmonics. In double-precision, SAMMSOR I requires ap-
proximately 96,000 bytes of storage; whereas DYNASOR II
requires 282,000 bytes. Considering the complexity of the
computer program, it is extremely efficient. For example, the
single-precision solution to the problem in Fig. 5, using 30
elements and three harmonics, was obtained in 13 min. The
double-precision solution to the problem in Fig. 8 using one
harmonic and 50 elements required 7 min. In double-preci-
sion, approximately 0.4 sec of computer time are required per
time cycle using one Fourier harmonic and 50 elements.
For five harmonics and 50 elements, 4 sec are required per
time cycle. Few moderately nonlinear problems will re-

quire more than thirty minutes of computer time on the IBM
360/65.

Conclusions

A formulation and computer code has been developed which
allows the solution of problems in the nonlinear dynamic
analysis of shells of revolution in reasonable periods of time
on the computer. Use of the computer code has been demon-
strated through the solution of a wide class of difficult and
practical problems.

In the formulation, the nonlinear terms are taken to the
right-hand side of the equations of equilibrium and treated as
additional generalized forces. These forces are evaluated un-
der the assumption that all displacements may. be repre-
sented by linear functions in the meridional distance, s.

The method of solution which proved to be the most
stable is Houbolt’s method with the nonlinear terms being
determined by a first-order Taylor’s expansion.

Undoubtedly, the use of a Taylor’s expansion contributes
to making the method unstable for large time inerements, but
in spite of this, Houbolt’s method is more stable than the
other numerical methods which do not require an extrapola-
tion of the loads.
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